The static dipole polarizability of noble gas atoms confined by impenetrable spheres and spherical shells is studied using the B-spline random phase with exchange approximation. The general trend in dipole polarizabilities across the noble gas sequence shows a decrease in the dipole polarizability as the volume of the confining impenetrable sphere is reduced and a large increase in the dipole polarizability for confinement by impenetrable spherical shells as the inner shell radius is increased.
I. INTRODUCTION
The study of atoms under confinement is a subject of long standing interest, for a selection of reviews see [1] - [6] . For many unconfined atoms, their polarizabilities are known to a high degree of accuracy, see [7] and [8] . An interesting question arises as to the effect of confinement on the polarizability of an atom.
The majority of studies investigating the polarizabilities of atoms under confinement have been carried out for hydrogen, see [9] - [11] for some early work and [12] - [18] for more recent calculations. For helium, an early calculation [19] has been followed by density functional [20] , configuration interaction [21] , coupled cluster [22] and variational [23] calculations with confining potentials studied including cylindrical [24] and spheroidal [25] . For heavier systems, one-electron model potentials have been used to study the static dipole polarizability of alkali metals under hard wall confinement [26] and debye screening [27] - [29] . The static dipole polarizability and hyperpolarizability of beryllium was studied under harmonic, rectangular and gaussian confining potentials using a basis of explicitly correlated gaussians [30] .
For the polarizabilities of noble gas atoms under hard wall confinement, an early calculation studied the confined argon atom in a Thomas-Fermi model [31] . Hartree-Fock calculations [32] - [34] and a time-dependent density-functional theory [35] calculation have since been performed along the noble gas sequence. The polarizabilities of confined noble gases are of interest in interpreting the density dependence of atomic polarizabilities [36] and studies of noble gas endofullerenes [37] - [39] .
Here, non-relativistic random phase approximation with exchange (RPAE) calculations of the static dipole polarizability are performed for noble gas atoms under hard-wall confinement. The RPAE method [40] - [42] has been shown to give dipole polarizabilities accurate to within a few percent for the noble gases when compared to more sophisticated calculations [43] , with relativistic effects having a small effect on polarizabilities for the noble gases [44] .
The rest of the paper is structured as follows: Section II details the RPAE approximation to the calculation of the static dipole polarizability and its numerical implemention using B-splines. In section III A, results are presented for the static dipole polarizabilities of hydrogen and noble gas atoms confined by an impenetrable sphere. Section III B investigates the case of a spherical shell potential. Finally, Section IV concludes with a summary. Unless otherwise stated, atomic units are used throughout.
II. THEORY A. Calculation of the dipole polarizability
For a hydrogen atom in the ground state, the static dipole polarizability can be calculated via the relation,
For noble gas atoms, electron correlation beyond the Hartree-Fock approximation plays an important role and must be accounted for. The dipole polarizability for noble gas atoms will be calculated via the RPAE approximation [40] - [42] . In the following equations for the RPAE vertex matrix element, the summation is over hole states, or states below the Fermi level (≤ F ), and excited electron states above the Fermi level ( > F ).
For (ν > F ) and (µ ≤ F ),
and for (ν ≤ F ), (µ > F ),
where iδ is an infinitesimal imaginary positive, and
Numerically, equations (2) and (3) are a set of linear algebraic equations, which can be written in block matrix form,
where χ 1 and χ 2 are energy denominators, x and y represent ν|A(ω)|µ for ν > F , µ ≤ F and ν ≤ F , µ > F respectively, d are the Hartree-Fock dipole matrix elements and V 1 , V 2 are Coulomb matrices.
Once this equation has been solved for the RPA vertex, the dipole polarizability can be calculated via the relation:
In this work the static dipole polarizability, ω = 0, is calculated.
B. Numerical Implementation
The Hartree-Fock equations will be solved for noble gas atoms confined by a potential.
Two forms of the confining potential will be compared here. First, an impenetrable spherical potential of the form,
where r c is the radius of the confining potential. Secondly, an impenetrable spherical shell potential of the form.
where r in is the inner radius and r out is the outer radius of the spherical shell potential. As the radius of the confining potential may lie within the radius of the unconfined atom, it is necessary to incorporate potentials (7) and (8) into the numerical solution of the HartreeFock equations [45] , [46] . For all noble gas atoms, the Hartree-Fock equations were solved using a cut off radius of 30 a.u. and 6000 integration points. Note that for heavier atoms, convergence of the Hartree-Fock equations for small radii of the confining potential is more problematic. Results will be presented in this work down to the minimum radius of the confining potential for which convergence was obtained.
As polarizabilities of atoms can involve substantial contributions from continuum states, an efficient means of spanning the single particle energy continuum is needed. Here, B-spline basis sets will be used [47, 48] . B-splines are piecewise polynomials defined on a particular knot sequence. For confinement by an impenetrable spherical potential, an exponential knot sequence is used of the form,
For t k+1 →t n ,
where r 0 is a parameter which affects the smallest spacing of the knot sequence. For confinement by an impenetrable shell potential, an exponential knot sequence is used of the form,
A value of r 0 = 0.001, with n = 60 splines of order k = 9 was used in this work.
By expanding the radial wavefunctions in terms of B-splines,
and substituting into the atomic hamiltonian for hydrogen or the Hartree-Fock equation for noble gas atoms,
a generalised eigenvalue problem is obtained for angular momentum l that can be solved to obtain a complete set of states suitable for the calculation of the atomic polarizabilities via equations (1)- (6) . The present calculations were carried out up to a maximum orbital angular momentum of l = 10. For confinement by an impenetrable spherical sphere, the boundary conditions P l (0) = P l (r c ) = 0 are implemented by removing the first and last splines, leaving n-2 electron eigenstates for each orbital angular momentum l. Similarly, for confinement by an impenetrable spherical shell, the boundary conditions P l (r in ) = P l (r out ) = 0 are also implemented by removing the first and last splines, leaving n-2 electron eigenstates for each orbital angular momentum l. For more details on the numerical implementation of the RPAE approximation, see chapter 2 of [49] .
III. RESULTS

A. Static dipole polarizabilities of atoms confined by an impenetrable spherical potential
In order to benchmark the B-spline basis used in this work, equation (1) [18] results shows that the higher order terms included in the Buckingham approximation [50] leads to a more accurate lower bound on the polarizability than the Kirkwood approximation [51] . To calculate the polarizability for multi-electron atoms via the RPAE approximation, bound states found from solving the Hartree-Fock equations are used to construct a complete set of states in a B-spline basis. Tables II and III compares the present Hatree-Fock subshell energies for helium and neon with the Roothaan-Hartree-Fock results of [52] . For the energy of the 1s subshell of helium there is good agreement between the calculations, while for the 1s, 2s and 2p subshells of neon, the present subshell energies are more deeply bound than those of [52] . To further investigate this discrepancy, Roothaan-Hartree-Fock calculations
for Neon similar to those of [52] could be performed, examining convergence of the subshell energies with respect to both the orbital basis set size and the optimisation of the basis set exponents. noble gas atoms confined in an impenetrable sphere in comparison to unconfined polarizabilities, with the results displayed graphically in figure 1 . It is seen that as the confining potential radius increases, the polarizability converges smoothly to closely agree with the relativistic RPA calculations of [44] , demonstrating the small influence on the polarizabilities of relativistic effects. The non-relativistic RPA calculations of [40] are slightly lower than the present results with the exception of xenon where the results of [40] are higher. The differences are within the estimated 5% uncertainty of the earlier calculations [40] . As the confining potential radius decreases, the polarizability decreases monotonically. Comparison with more precise hylleraas calculations for helium [53] and relativistic coupled cluster calculations for neon, argon, krypton and xenon [43] shows that the non-relativisitic RPAE method is able to recover the static dipole polarizability to within a few percent.
In figure 2 , the present RPAE polarizabilities for helium are compared to Hartree-Fock (HF) [32] , density functional theory (DFT) [20] and time-dependent density-functional theory (TDDFT) [35] calculations. The Hartree-Fock polarizabilities of [32] are larger than the current results and the other calculations at all box radii. The time-dependent density- functional theory polarizabilities of [35] are higher than the current results above a confining potential radius of 3 a.u. and fall off more strongly below a confining potential radius of 3 a.u. Excellent agreement with the present results is seen with the exact exchange, EXX, density functional results of [20] . The exchange-only local-density approximation, XO-LDA, and exchange-correlation local-density approximation, XC-LDA, polarizabilities trend higher than the present results for larger confining potential radii, but agree better for smaller radii.
For Neon, figure 3 compares the present RPAE polarizabilities to Hartree-Fock [32] and time-dependent density-functional theory [35] calculations. Similarly to the case of helium, the Hartree-Fock polarizabilities of [32] are substantially higher than the current results.
The time-dependent density-functional theory polarizabiltiies of [35] are in good agreement with the present results, with a distinctive sigmoidal shape seen in the polarizabilities as a function of the confining potential radius. It has been demonstrated that confinement of noble gas atoms by an impenetrable spherical potential leads to a monotonic decrease in the polarizability as the radius, and hence volume of the confining potential is reduced. A natural extension is to an impenetrable spherical shell potential, c.f. equation (8) . This potential may be of interest to the case of an atom confined by a negatively charged fullerene shell [55] . The polarizability of hydrogen confined in an impenetrable shell potential has been studied in [56] - [60] . Here, the confinement of helium and neon in a shell potential will be examined.
As for the case of an impenetrable spherical potential, the present calculations are first benchmarked for hydorgen. Table V compares the static dipole polarizabilities calculated using equation (1) against existing calculations [56] for hydrogen confined in a spherical shell potential of outer radius 10 a.u. with a varying inner shell radius. There is seen to be close accord between the present results and those obtained in [56] using a pertubation numerical method and the Buckingham approximation [50] . Similarly to confinement by an impenetrable spherical potential, results obtained using the Kirkwoord approximation [51] tend to underestimate the polarizabilities. The polarizabilities increase rapidly as the inner shell radius is increased. The trend in the polarizabilities for helium and neon is similar to the case of hydrogen, with the polarizability for neon rising more strongly as the inner shell radius is increased than that of helium.
The increase of the polarizability of neon as the inner shell radius is increased can be explored by examining the subshell energies, see table VII. It is seen that a subshell re- arrangement [61] occurs as the inner shell radius is increased with the 2s subshell becoming more weakly bound than than the 2p subshell as electrons are excluded from penetrating into the region near to the nucleus. As the inner shell radius is increased the binding of the 2s orbital is decreased leading to a large increase in the polarizability. 
IV. CONCLUSIONS
The static dipole polarizabilities of noble gas atoms confined in impenetrable spherical spheres and impenetrable spherical shell potentials has been studied using the RPAE approximation. Confinement in an impenetrable sphere leads to a decrease in the polarizability as the radius of the sphere is decreased. However confinement by an impenetrable spherical shell potential leads to a large increase in the polarizability as the inner shell radius is increased. This offers the potential of tuning the polarizability of an atomic system by confinement. Topics in the polarizabilities of confined multi-electron atoms that require further investigation include the influence of relativistic effects [62] and exploration of a range of confining potentials beyond the hard-wall confinement approximation, such as repulsive [63] , [64] or attractive [37] penetrable spherical shell potentials, with a view to exploring both higher multipole polarizabilities and dynamic polarizabilities.
